ABSTRACT. We introduce Kurosh elements in division rings based on the idea of a conjecture of Kurosh. Using this, we generalize a result of Faith in [3] and of Herstein in [6].
INTRODUCTION
The structure properties of multiplicative subgroups in division rings have been recently studied such as free subgroups ( [4, 17] ), maximal subgroups ( [2, 10, 11, 15] ), subgroups radical over a set ( [1, 2, 6, 16, 17, 14] ), etc. In this paper, we generalize one of Faith's works on division rings which are radical over a proper subring. The best well known result concerning the radicality in division rings is a result of Kaplansky, saying that every division ring which is radical over its center is in fact commutative ( [13, Theorem 15.15] ). Faith generalized this result by proving in [3] that every division ring which is radical over a proper subring is also commutative. Here, an element x of a division ring D is radical over a subring K of D if there exists a positive integer n x such that x nx ∈ K. A subset of D is radical over K if all of its elements are radical over K. In group-theoretical language, Faith's Theorem said that if the multiplicative group D * is radical over K then D * is commutative. The goal of this paper is to consider whether the result holds when D 1 if a / ∈ F . It is algebraic (over the center F ) if it is a root of some polynomials over F . If all elements of D are algebraic then we say that D is algebraic (over the center F ). One says D locally finite (see [19] ) if the division subring F (S) generated by F and a finite subset S of D is a finite dimensional vector space over F . Hence, the class of locally finite division rings contains the class of centrally finite ones and is contained in the class of algebraic ones. There are examples of locally finite division rings which are not centrally finite [13] . In 1941, Kurosh conjectured (see [12, 19] ) that every algebraic division ring is locally finite. In general the Kurosh conjecture is still open. Assume that D is algebraic and if this conjecture of Kurosh holds, then for any non-central element x of D, there exists a division subring of D containing x as a non-central element. Using this idea, we introduce the following notion.
Definition. Let D be a division ring. A non-central element x of D is Kurosh if there exists a centrally finite division subring of D containing x as a non-central element.
Note that if Kurosh's Conjecture holds then every non-central element of an algebraic division ring is a Kurosh element. In particular, every non-central element of a locally finite division ring is Kurosh. In Section 2, some classes of Kurosh elements in an arbitrary division ring will be described. Notice also that in the definition, one does not require D to be algebraic. Moreover, if every non-central element of D is Kurosh, it does not mean that D is algebraic. In the last section of this paper, using the Mal'cev-Neumann's construction of Laurent series rings, we present an example of a division ring D with the properties that all elements of D are Kurosh but D is not algebraic. The main result in this paper is the following. Notations. In this paper, unless otherwise stated, a division ring D is always assumed to be noncommutative with center F := Z(D). Whenever we say that N is a normal subgroup of D, we mean that N is normal in the multiplicative subgroup D * . All other notations in this paper are standard.
KUROSH ELEMENTS
In this section, we will describe some classes of Kurosh elements in an arbitrary division ring. The following Lemma is elementary and the proof may be seen for instant in [5] . Proof. Let D be a division ring and a / ∈ F a non-central torsion element of D. Let n be the smallest positive integer such that a n = 1. Then the field extention F (a)/F is a finite extention and 1, a, · · · , a n−1 are all roots of the equation x n = 1. Hence the finite extension F (a)/F is normal. It follows that the Galois group G := Gal(F (a)/F ) is finite and non-trivial. Let φ ∈ G 2 be a non-trivial F -automorphism of F (a). Then φ(a) = a i for some i > 1. Moreover, a and φ(a) have the same minimal polynomial over F . By Dickson's Theorem [13, 16.8] , a and φ(a) are conjugate in D, i.e., there exists an element u ∈ D * such that φ(a) = uau
Since G is finite, there exists an integer k > 1 such that φ k = Id F (a) , and so
It is easy to check that K is a division subring of D containing a and u. Let F K := Z(K) be the center of K and D 1 := F K [a, u] the subring of K generated by a and u over F K . Because φ(a) = uau −1 = a i = a, ua = a i u, and thus the ring D 1 is non-commutative. Moreover, every element y of D 1 can be written as the form
tm where m, s i , t i is positive integers, and α i ∈ F K . Notice that a n = 1 and u k ∈ F K , so D 1 is a finite dimensional space over F K . It follows from Lemma 2.1 that D 1 is a division ring. Obviously, the center
Proposition 2.3. Let D be a division ring whose center F is a field of characteristic
Proof. Since a 2 ∈ F, a / ∈ F and p = char(F ) = 2, the extension F (a)/F is a non-trivial Galois extension. Hence there exists a non-trivial automorphism φ ∈ Gal(F (a)/F ) such that φ(a) = −a = a. We now proceed as in the proof of Proposition 2.2 to decude that a is a Kurosh element.
If, in addition, the division ring D is algebraic, we have the same result even in the case char(F ) = 2. Generally, we have an analogue result when char(F ) is an arbitrary prime. Before stating the result, we need the following lemma which can be easily proved by induction (see [9] ). 
Theorem 2.5. Let D be an algebraic division ring whose center F is a field of positive characteristic p. Then every non-central element
Proof. Let x be an element of D such that xa = ax. We have from Lemma 2.4 that It suffices to show that K is a centrally finite division ring and a does not belong to the center of K. Indeed, it is clearly that a is not in the center of K as ab = ba. Now because ba = ab + a, every element in K can be written as the form i,j α i,j a i b j where α i,j ∈ F . By the assumption that D is algebraic, there exists m > 0 such that i,
Hence K is a centrally finite division ring by Lemma 2.1.
A subfield K of a division ring D is called maximal if there is no subfield of D strictly containing K. Such a maximal subfield K always exists by Zorn's Lemma. By [13, 15.8] , D is a centrally finite division ring if and only if dim F K < ∞. However, D is not neccessary algebraic over F even though K is an algebraic extention of F . In Section 4, we give an example of a non-algebraic division ring D whose maximal field K is algebraic over F . The following theorem describes a class of Kurosh elements in such a division ring. Theorem 2.6. Let D be a division ring and K a maximal field of D which is algebraic over F . If
Proof. Let D 1 := K(a) be the division subring of D generated by K and a. It suffices to prove that D 1 is centrally finite and a is not in the center F 1 = Z(D 1 ). Since K is a maximal field of D, it is also a maximal field of D 1 . Since a / ∈ K, it follows that a / ∈ F 1 . Obviously, each x ∈ F (S \ S a ) commutes with a, and hence belongs to F 1 . It means that F 1 contains F (S\S a ). Because K is algebraic over F , K is also algebraic over F (S\S a ) ⊇ F . Moreover, by the fact that S a is finite, K = F (S\S a )(S a ) is a finitely generated field extention over F (S\S a ), and thus [13, 15.8] , the ring D 1 is centrally finite.
THE MAIN RESULTS
We first have the following useful lemma, which is a partial result of the Conjecture 2. Proof. Let a ∈ N and x ∈ D * . Then u := xax
Since N is radical over F , there exists n(x, a) > 0 such that u n(x,a) ∈ F . Since D is finite dimensional over F , it follows from [6, Sublemma] that u n(x,a) is a root of unity. Thus u t = 1 for some t > 0. From [6, Theorem 9] , it follows that u ∈ F , i.e., xax
By the Brauer-Cartan-Hua Theorem ( [13, 13.17] ) and F (a) is commutative, F (a) = F . Hence a ∈ F . Proof. First of all, we prove that N is commutative. Let x, y ∈ N and K := F (x, y). Since N is normal in D * , N ∩ K is normal in K * . Let a ∈ N ∩ K. By hypothesis, there are n(a, x) and n(a, y) such that a n(a,x) x = xa n(a,x) a n(a,y) y = ya n(a,y) .
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Put n = n(a, x)n(a, y). Then a n = a n(a,x)n(a,y) = (xa n(a,x) x −1 ) n(a,y) = xa n x −1 . Similarly, a n = a n(a,y)n(a,x) = (ya n(a,y) y −1 ) n(a,x) = ya n y −1 . These imply that a n is in the center Z(K) of K. So N ∩ K is radical over Z(K). By Lemma 3.1, N ∩ K is contained in Z(K). In particular, x and y commute. Thus N is commutative.
Let H be a division subring of D generated by N over F , then aHa −1 ≤ H for all a ∈ N. If N ⊆ F then by [8] , either H ⊆ F or H = D. Since N is commutative, H is also commutative. Therefore H ⊆ F . Hence N ⊆ F as desired. Now we can prove the main result stated in the introduction which gives an affirmative answer to the Conjecture 1 for centrally finite division rings.
Lemma 3.3. Let D be a centrally finite division ring, K a proper division subring of D and N a normal subgroup of
Since K = D by the hypothesis, it follows that K ⊆ F . Hence N ⊆ F , a contradiction. Thus, we may assume that N \ K = ∅. In order to prove the lemma, it suffices to show that all elements in N satisfy the conditions of Lemma 3.2. Let a, b ∈ N. Assume first that a / ∈ K. If b / ∈ K, assume by contradiction that a is not radical over C D (b), i.e., a n b = ba n for all n > 0.
Since N is radical over K, there exist m x > 0 and m y > 0 such that x mx ∈ K and y my ∈ K. Then x m ∈ K and y m ∈ K where m = m x m y . Now 
This implies
and so a rs b = ba rs . Assume now that a / ∈ K. Since N is radical over K then a m ∈ K for some m > 0. By the above argument, there exsits n > 0 such that a mn b = ba mn . As a conclusion, in any case, any two elements a, b ∈ N satisfy the conditions of Lemma 3.2. Therefore N ⊆ F . x . Since N is radical over K, it follows that N x is radical over K x := K ∩D x . Since x / ∈ K, one has K x = D x . Then by Lemma 3.3 , N x ⊆ F x . In particular, x ∈ F x , which contradicts to the definition of x.
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Theorem 3.4 is a generalization of a result recently obtained in [5] . As a consequence, the Conjecture 1 holds for locally division rings: 
AN EXAMPLE
In this section, we will follow the Mal'cev-Neumann construction of Laurent series rings to construct a non-trivial non-algebraic division ring D whose all elements are non-algebraic Kurosh elements.
Let
Z be the free abelian group of infinite rank. Let us order G lexicographically by the rule that for any (n 1 , n 2 , · · · ) and (m 1 , m 2 , · · · ) in G, (n 1 , n 2 , · · · ) < (m 1 , m 2 , · · · ) if and only if either n 1 < m 1 or there exists k such that n i = m i for all i = 1, · · · , k − 1 and n k < m k . Then with this order, G is a totally well-ordered set.
For an increasing infinite sequence of primes
to be the subfield of R generated by Q and the
as the following: for every g = (n 1 , n 2 , · · · ) ∈ G, g fixes all rational numbers and for each i, (
From now, we write the operation of G multiplicative. Define D = K((G)) to be the set of all formal sums α = g∈G α g g with supp(α) := {g ∈ G : α g = 0} well-ordered. For α = g∈G α g g and β = g∈G β g g, define the operations on D as the following We are now going to compute the center F of D. Let H be the subgroup of G consisting of all g 2 with g ∈ G and let Q((H)) be the set of all formal sum α = h∈H α h h with α h ∈ Q and supp(α) well-ordered.
Proposition 4.2. The center F of D is Q((H)).
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Proof. It is easily seen that g 2 ∈ F for every g ∈ G. For α = h∈H α h h ∈ H and β = g∈G β g g ∈ D, notice that β h g = β g and α g h = α h for all h ∈ H, g ∈ G since α h ∈ Q. We have that
which imply that αβ = βα. It holds for all β ∈ G, thus α ∈ F . Conversely, assume that
Hence g i is a square for every i, which implies that g ∈ H.
Moreover, since α ∈ F , for each α g = 0, we have that α g α = αα g . This implies that α g g = gα g = α g g g. Therefore α g is fixed by g. It follows that α g ∈ Q for all g ∈ supp(α). Hence α ∈ Q((H)). 
Lemma 4.3. α is not algebraic over F .
Proof. Consider the equality
where a i ∈ F for each i = 0, · · · , n. The
n does not appear in the expressions of α, α 2 , · · · , α n−1 and it appears in α n with coefficients n. Hence the coefficient of x in the left handside of the above equation is a n n!. It follows that a n = 0. By induction, we have that a 0 = a 1 = · · · = a n = 0. Thus the set {1, α, · · · , α n } is independent for every n. Hence α is not algebraic over F . 
Lemma 4.4. For α is as above, let
Proof. Using the same arguments as in the proof of Proposition 4.2, we obtain that the center of D α is F . In order to prove that K α is a maximal subfield of D α , by [13, 15.7] , we only need to prove that
Then there exists some i such that x i appears in the expression of a as a formal sum. Since x 2 i ∈ F , a can be expressed in the form a = bx i + c, where b = 0 and x i does not appear in the formal expressions of b and c. Therefore
It follows that a does not commute with √ p i ∈ K α , which is a contradiction. Hence Proof. For each z ∈ D α , there are only finitely many primes occuring in the expression of z, say
Using the fact that every element of D n can be written as form
where ǫ ∈ F n , s 1 , s 2 , · · · , s n , t 1 , t 2 , · · · , t n are 0 or 1. It follows that D n is centrally finite over its center F n , which implies that z is Kurosh.
We now provide an example of a division ring D with a proper subring H and a normal subgroup N of D such that N radical over H but N is not commutative.
Let D be a division ring with center F , (G, ≺) an ordered abelian (multiplicative) group, and v : D * → G a valuation of D * ; that is, v satisties (1) , and so a −1 ba ∈ H. Therefore, a −1 Ha ⊆ H. As a corollary, a −1 Ha = H. It implies that H * = (a −1 Ha) * = aH * a −1 which means H * is normal in D * . Notice that x 2 , x −1 2 ∈ H, it follows that x 2 ∈ H * . On the other hand, x 2 / ∈ F . Hence H * is not contained in F . By [18, 14.4.4] , H * is not commutative.
